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There is a unique function f: R — R such that
fle—y) = fx) + f(y) — 2xy.

Proof. We show the unique function is f(x) = x? by showing

fle—y)=f)+fly) -2y iff  f(x) =2~
(=). Suppose f(x—y) = f(x) + f(y) - 2xy. Then f(0) = 0
because f(x) = f(x —0) = f(x) + f(0). Thus f(x —x) = f(0) = 0.
But f(x —x) = f(x) + f(x) — 2x? = 2f(x) — 2x?, s0 2f(x) = 2x?,
ie., f(x) = x2.
(). If f(x) = 2%, then f(x —y) = (x —y)? = x> —2xy +y* =
f(x) + f(y) —2xy. B
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