Math 132.7

Lesson 7:  Population Models
and Exponential Functions

7.1 Application

Populations of living animals or plants will have, in general, variable death and birth rates. In
many cases we want to make predictions about the population size based on these death and birth rates.
Important applications include epidemic control and management of fish populations. The models for
these populations can become very complicated. However, one can easily study populations where the
death and birth rates are constant. An example is a fruit fly population whose size is small relative to its

environment's ability to support that population size.

7.2 Math Model.

Let b be the constant birth rate (number of births per unit time per unit population) and d be the
constant death rate (number of deaths per unit time per unit population). We will use r to indicate the
overall birth rate; that is, r=b-d. If r is positive, then the population will increase; if r is negative, the
population will decrease. We want to be more precise about how the population changes. Let the
population be given by a function of time, P(t). We wish to form a differential equation for P(t); this will
be the math model.

In order to derive the differential equation, we examine how the population will change in some
time interval from t to t + At. The change in population should be directly proportional to At and the
population size:

[change in population] = [births] - [deaths]

P(t + At) - P(t) = At b P(t) - At d P(t).
In the last line the approximate equality sign was used because the population size varies over this time

interval and we used the population size at the beginning of the time interval. We could have used the



population at any time in this interval, but here we will assume the approximation is more accurate for
smaller time intervals. Now, divide by At, let it go to zero and note the approximation becomes an
equality to get

[P(t+ At) — P(t)] / At = b P(t) — d P(t)

P'(t) = b P(t) - d P(t).

P'(t) = (b - d) P(t)

P'(t) =r P(t)
This simple differential equation is the math model for the population with constant birth and death rates.

If one knows the b, d and the initial population, P(0), then the solution of this model is known to

be

P(t)=P(0)e""
The number e is approximately 2.71828, and it can be defined to be the number for the base, B, of the
exponential function, BY, such that the slope of the tangent line at (0, 1) is exactly one. This choice of B

makes a number of calculations less tedious, and so, €" is called a "natural" exponential function.

7.3 Method of Solution.

In the calculations below we will consider a number of different differences b - d. If the
population is initially 10 and increases by 1% per unit time, then
P(O)=10andr=Db-d=.01.
If the initial population is 20 and decreases by 2% per unit time, then
P(0O)=20andr=b-d=-.02.
Often the initial population is not known, and several measured populations are recorded. Since there may
be measurement errors, one must use the "trendline" for the exponential function to estimate P(0) and b - d.

We will illustrate this under the algebra method as we are using the algebraic form of the solution.



7.3.1

Table Method.
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Table: Population with Different b-d

It certainly is tedious looking at all these numbers in this table. The following graph indicates

the dramatic effect of doubling b - d. The initial population was 10. After 90 years the population for

growth rates of 1%, 2% and 4%, the predicted populations are 25, 60 and 366. These predictions are

subject to the growth rate r = b - d remaining constant during the 90 years.



Caveat lector: To enter the formula into Excel, do not use the letter e, or a rounded-off
approximation to e! Instead, it is best to use for Excel and Maple the command exp(x) which represents €.

For example, to enter the formula 10e™*"" in the table above, if t=0 is in cell a2, one should type

=10*exp(-.01*a2)

7.3.2 Graph Method.



7.3.3 Algebra Method.



Suppose one does not know the initial population, but several measured populations have been
made at times 2, 3, 4, and 5 were recorded as 2500, 6000, 12,800 and 22,300. It is believed that the
population has fixed birth and death rates. Therefore, the population as a function of time should be an
exponential function. In order to use this, we must be able to estimated the P(0) andr=b - d. We can
use "trendlines" to accomplish this. In the calculations given in the spreadsheet below, x corresponds to
time and y corresponds to populations so that

P(t) = 623.52 "%,
Therefore, the initial population is P(0) = 623.52 and the growth rate isr =b - d = 0.7323. We can use
this to make predictions about population size. For example, from the graph it looks as if the population
will reach 100,000 in a little less than 7 units of time. We can be more precise by setting 100,000 = P(t)
and solving for t:

100,000 = 623.52 ¢*7**

"™ = 100,000/ 623.52 = 160.38

In(e”"***) = In(160.38)

0.7323t =5.08

t =15.08/.7323 = 6.93.
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7.3.4 Algebra Method, using Maple.



If we know the model for the population, and want to predict how long it will take the population
to grow to a certain size, we can carry out the algebra illustrated in the previous section by hand, or using
Maple.

As always, we begin by defining the function that models the population:

[> P:=t->623.52*exp(.7323*1);

Now we want to know when P(t)=100000; to do this, solve the equation in the usual way:

[> solve(P(t)=100000);

6.933694693

Our model predicts that the population will arrive at 100,000 after about 6.93 units of time.

7.4 Implementation.

Instructions for "Trendline" and Population Data:

Step 1. Open a spreadsheet and enter the time and population data.
Step 2. Use the "chart wizard" and form a "scatter" graph of this data.
Step 3. Form an exponential "trendline" as follows:

(a). double click on the data points in the graph,

(b). use "add trendlines" under the "chart" menu,

(c). select "exponential" function,

(d). under the "options" tab choose

display equation and forecast forward and backward by 2.

7.5 Assessment.

The population model with constant birth and death rates is not applicable to all populations. If
the environment can only support a population up to some M, the maximum population, then the b - d
will likely vary with population. If the population is near M, then b - d will be smaller than if the
population is near zero. One math model is that b - d = k(M - P) where k is a constant, and this generates

the logistic differential equation



P' = k(M - P)P.

Its solution has the function and graph as follows:

P(t) = M/(1 + Be™") and




Possible Homework.

Verify the graphs of P(t) = P(0) ¢® " with variable b - d.
Consider a population whose birth and death rates are constant. Suppose the initial

population is 20 and the population is increasing at a rate of 3%.

(a). Find the differential equations for its math model.
(b). Find the solution and the table and graph forms of the solution.
(©). Find the time when the population reaches 40.

Consider a fruit fly population with the following data:

Time Measured Population
1 1,000
2 1,200
3 1,600
4 2,100
5 3,150

Assume the birth and death rates are constants.

(a). Create a scatter chart of this data.

(b). Find an exponential trendline that approximates this data.

(©). Use it to find P(0) and b - d.

(d). When will the population reach 10,0007

Consider the data in problem 3. Suppose the measurements for the population had errors of

at most plus or minus 10%. How will this effect your solution and predictions?



