
MA 518 Fall 2007 Final Exam LK Norris

1. (20 poin ts) Prove the following theorem about circles:

A uni t speed curve β(s) is par t of a cir cle if and only if κ > 0 and τ = 0.

NOTE: In your proof you may assume the theorem: ”If β(s) is a unit speed curve, then for
κ > 0, β(s) is a plane curve if and only if τ = 0”.

Solution: See your textbook

2. (20 poin ts) Let α be a unit speed curve. Define a new curve ᾱ as follows. Fix a positive
number l. For each point α(s) on α define the corresponding point on ᾱ to be the point a
distance l from α(s) along the tangent line defined by the unit tangent vector T (s) of α. See
the sketch on the board. Then ᾱ(s) = α(s) + lT (s).

(a) Show that the arc length parameter s̄ of ᾱ is given in terms of s, l and the curvature
κ(s) of α by the formula

s̄ =
∫ s

0

√
1 + l2κ2(λ) dλ

where λ is a dummy variable of integration.
Solution: Differentiating ᾱ(s) = α(s) + lT (s) with respect to s we find

dᾱ

ds
=

dα

ds
+ l

dT

ds
!

dᾱ

ds
= T (s) + lκN " " "

Computing the norm of this vector we find

||
dᾱ

ds
|| =

√
(1 + l2κ2)

Integrating this result we find

s̄ =
∫ s

0

√
1 + l2κ2(λ) dλ à

as was to be shown.

(b) Use the result from part (a) and the chain rule to show that the unit tangent vector
T̄ (s̄) = dᾱ

ds̄ of ᾱ is given by

T̄ (s̄) =
T (s) + lκ(s)N(s)

√
1 + l2κ2(s)

Solution: Differentiating ᾱ(s̄) = α(s)+ lT (s) with respect to s̄ and using the chain rule
we find

T̄ =
dᾱ

ds̄
=

dᾱ

ds

ds

ds̄
=

ds

ds̄

(
dα

ds
+ l

dT

ds

)

!

T̄ =
ds

ds̄
(T (s) + lκN) " " "



à above implies that ds̄
ds =

√
(1 + l2κ2) which in turn implies ds

ds̄ = 1√
1 + l2κ2

. Sub-

stituting this result into *** above we find

T̄ (s̄) =
T (s) + lκ(s)N(s)

√
1 + l2κ2(s)

3. (20 poin ts) Consider the surface M , the hyperbolic parabolid z = x2 # y2, parameterized
by &x(u, v) = [u, v, u2 # v2]. The matrix of the shape operator at any point (u, v) with respect
to the basis (&xu, &xv) is

S(u,v) =




2(1+4 v2)

(1+4 u2+4 v2)3/2
8uv

(1+4 u2+4 v2)3/2

8uv
(1+4 u2+4 v2)3/2 # 2(1+4 u2)

(1+4 u2+4 v2)3/2





(a) Compute the basis vectors &xu and &xv.
Solution:

&xu = [1, 0, 2u] and &xv = [0, 1, # 2v]

(b) Compute the unit normal vector field U .
Solution: Computing the crossproduct &xu $ &xv we find

&xu $ &xv = [# 2u, 2v, 1] =% ||&xu $ &xv|| =
√

1 + 4u2 + 4v2

Hence the unit normal field is

U =
1

√
1 + 4u2 + 4v2

[# 2u, 2v, 1]

(c) Compute the principal curvatures λ1 and λ2 of M at (u, v) = (0, 1).
Solution: Evaluating the shape matrix at (u, v) = (0, 1) we find

S(u,v) =
( 10

(5)3/2 0
0 # 10

(5)3/2

)

Hence λ1 = 10
(5)3/2 and λ2 = # 10

(5)3/2 .

(d) Compute the Gaussian curvature K of M at (u, v) = (0, 1).
Solution: The Gaussian curvature at a point is the determinant of the shape matrix at
that point. Hence

K = #
100
53

(e) Compute the Mean curvature H of M at (u, v) = (0, 1).
Solution: The mean curvature is one-half the trace of the shape operator. Hence

H =
1
2
(0) = 0

(f) The unit vector &w = 1√
21

(&xu(0, 1)+2&xv(0, 1)) is tangent to M at (u, v) = (0, 1). Compute
the normal curvature of M at (u, v) = (0, 1) in the direction of the unit vector &w.
Solution: From the form of the shape matrix at (u, v) = (0, 1) we know the following:

S(&xu(0, 1)) =
10

(5)3/2
&xu(0, 1) S(&xv(0, 1)) = #

10
(5)3/2

&xv(0, 1)



Then

S(&w) = S(
1

&
21

(&xu(0, 1) + 2&xv(0, 1))) =
1

&
21

S(&xu(0, 1)) +
2

&
21

S(&xv(0, 1))

=
1

&
21

(
10

(5)3/2
&xu(0, 1)) +

2
&

21
(#

10
(5)3/2

&xv(0, 1))

Using &xu(0, 1)á&xu(0, 1) = 1, &xv(0, 1)á&xv(0, 1) = 5 and &xu(0, 1)á&xv(0, 1) = 0 we find using
the above that

k(&w) = S(&w) á&w

=
( 1

&
21

(
10

(5)3/2
&xu(0, 1)) +

2
&

21
(#

10
(5)3/2

&xv(0, 1))
)

á
( 1

&
21

(&xu(0, 1) + 2&xv(0, 1))
)

=
( 1

21
(

10
(5)3/2

+
2
21

(#
10

(5)3/2
5)

)

= # 9
21·53/2

4. (20 poin ts) Prove the theorem: The shape operator is a symmetric line ar tr ansfor-
mation . You may assume the fact that the shape operator is a linear transformation from
TpM to TpM for each surface M .

Solution: See your textbook.

5. (20 poin ts) Prove the following theorem for a surface that is defined by a single patch.
A surfac e M consisting entir ely of umbili cal points is containe d in either a plane
or a spher e. In proving this theorem you may make use of the theorem: If p ' M is umbilic,
then Sp(&u) = k&u where k = k1 = k2 where k1 and k2 are the principal curvatures of M at p.

Solution: See your textbook.

6. (10 poin ts extra credit: Part (c) of problem #2 above.) Show that the square of the
curvature κ̄ of ᾱ is given in terms of l, the curvature κ and the torsion τ of α by the formula

κ̄2 =
κ2

(
1 + l2κ2 + (

l

κ
)

dκ

ds

)2

(1 + l2κ2)3 +
l2κ2τ2

(1 + l2κ2)2

Solution: We compute κ̄2 = dT̄
ds̄ á dT̄

ds̄ after first computing dT̄
ds̄ .

dT̄

ds̄
=

dT̄

ds

ds

ds̄
=

1
√

1 + l2κ2

dT̄

ds
(" " à)

where we have used ds
ds̄ = 1√

1 + l2κ2
from 2-b above. So next we compute dT̄

ds using

T̄ = T (s)+ lκ(s)N (s)&
1+ l2κ2(s)

from 2-b above.

dT̄

ds
=

d

ds

(
(1 + l2κ2)−1/2 á(T + lκN)

)

= #
1
2
(1 + l2κ2)−3/2(2l2κ

dκ

ds
) á(T + lκN)

+ (1 + l2κ2)−1/2 á
(

dT

ds
+ l

dκ

ds
N + lκ

dN

ds

)



= # (1 + l2κ2)−3/2(l2κ
dκ

ds
) á(T + lκN)

+ (1 + l2κ2)−1/2 á
(

κN + l
dκ

ds
N + lκ(# κT + τB)

)

Next we get a common denominator (1 + l2κ2)−3/2:

dT̄

ds
= # (1 + l2κ2)−3/2

(
(l2κ

dκ

ds
) á(T + lκN) + (1 + l2κ2)1/2 á

(
κN + l

dκ

ds
N + lκ(# κT + τB)

))

Next group terms multiplying the orthonormal vectors T , N and B.

dT̄

ds
= # (1 + l2κ2)−3/2

(
T (# l2κ

dκ

ds
# lκ2(1 + l2κ2))

+ N(# l3κ2 dκ

ds
+ (κ + l

dκ

ds
)(1 + l2κ2)) + B(lκτ(1 + l2κ2))

)

Simplifying the quantities in parentheses multiplying T and N we can rewrite the above as

dT̄

ds
= # (1 + l2κ2)−3/2

(
T (# lκ2)(1 + l2κ2 +

l

κ

dκ

ds
)

+ Nκ(1 + l2κ2 +
l

κ

dκ

ds
)) + B(lκτ(1 + l2κ2))

)

Computing next the inner product of this vector with itself, namely, dT̄
ds á dT̄

ds we find

dT̄

ds
á

dT̄

ds
=

(
(1 + l2κ2 + l

κ
dκ
ds )2(κ2 + l2κ4) + l2κ2τ2(1 + l2κ2)2

)

(1 + l2κ2)3

or
dT̄

ds
á

dT̄

ds
=

κ2(1 + l2κ2 + l
κ

dκ
ds )2

(1 + l2κ2)2 +
l2κ2τ2

(1 + l2κ2)

From " " à above we see that κ̄2 differs from this result by another factor of 1 + l2κ2 in the
denominator. Thus

κ̄2 =
κ2(1 + l2κ2 + l

κ
dκ
ds )2

(1 + l2κ2)3 +
l2κ2τ2

(1 + l2κ2)2


