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Abstract. This paper studies the dynamics of the discrete Chaplygin sleigh. Prop-
erties such as discrete momentum and measure conservation are explored.

1 Introduction
The theory of variational integrators for Lagrangian and Hamiltonian systems orig-
inated in [16], [17], and [14]. It was further developed by a number of authors
(see e.g. [4], [13], [10], [18], and [12] for a more complete list of references and his-
tory). A very important feature of variational integrators is the discrete momentum
preservation: if the original continuous-time system has symmetry and conserves
the momentum map, so does the associated discrete-time mechanical system.

In [6], the theory of variational integrators was adapted to Lagrangian nonholo-
nomic systems. In particular, it is shown in [6] that the discrete-time nonholonomic
system conserves the spatial momentum in the case of horizontal symmetry (see [3]
for the definition of horizontal symmetry). However, horizontal symmetry is not
typical in nonholonomic mechanics. Apparently, Chaplygin [5] was the first to ob-
serve the link between symmetry and conservation of the components of momentum
along a moving frame; see also [21] and references therein. Therefore, it is natural
to ask whether the discrete momentum is preserved by the discrete-time nonholo-
nomic system associated with a momentum-preserving continuous-time system in
the case of nonhorizontal symmetry. A closely related property is the existence of
an invariant measure. Continuous-time nonholonomic systems generically are not
measure-preserving (see [8] and [20] for details).

This paper addresses the momentum and measure preservation properties for
the discrete-time Chaplygin sleigh. The Chaplygin sleigh is the system introduced
and studied by Chaplygin in [5]. This system is a rigid body on a horizontal plane
constrained by a blade. The blade limits the velocity of the body-plane contact point
to a direction fixed in the body. We assume that the center of mass of the body
belongs to the line through the blade. If the center of mass of the body coincides
with the contact point, the dynamics conserves the angular and linear momenta of
the system relative to the body frame. The symmetry in this problem is therefore
non-horizontal. If the center of mass is off the contact point, the momentum is
no longer conserved. Instead, heteroclinic connections appear between the pairs of
equilibria in the momentum plane.

We show that the discrete model of the Chaplygin sleigh demonstrates the same
behavior, that is, the discrete momentum relative to the body frame is conserved if
the center of mass is at the contact point, and the momentum dynamics consists of
equilibria and heteroclinic connections if the center of mass is off the contact point.

The exposition is organized as follows: In Section 2, basic facts about continuous-
time and discrete-time nonholonomic dynamics are reviewed. In Section 3, the
dynamics of the Chaplygin sleigh is discussed. Section 4 introduces the discrete
model of the Chaplygin sleigh and studies its dynamics.
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We remark that this paper develops an elementary approach to the discrete
dynamics of the Chaplygin sleigh. The general approach based on the use of Lie
groups will be the subject of a future publication.

2 An Overview of Nonholonomic Dynamics
In this section we briefly discuss the main concepts of nonholonomic dynamics. For
a complete exposition see [2] and [3].

2.1 The Euler–Lagrange Equations for Nonholonomic Sys-
tems

A nonholonomic Lagrangian system is a triple (Q, L,D), where Q is a smooth n-
dimensional manifold called the configuration space, L : TQ → R is a smooth
function called the Lagrangian, and D ⊂ TQ is a m-dimensional constraint distri-
bution. Recall that a distribution D is a collection of linear subspaces Dq ⊂ TqQ,
one for each q ∈ Q. Let q = (q1, . . . , qn) be local coordinates on Q. In the induced
coordinates (q, q̇) on the tangent bundle TQ we write L(q, q̇). It is assumed that
the Lagrangian is hyperregular, i.e., the map

∂L

∂q̇
: TQ → T ∗Q

is invertible (see [11]).
A curve q(t) ∈ Q is said to satisfy the constraints if q̇(t) ∈ Dq(t) for all t.

The equations of motion are given by the following Lagrange–d’Alembert principle:
The equations of motion for the system are those determined by

δ

∫ b

a

L(qi, q̇i) dt = 0, (1)

where we choose variations δq(t) of the curve q(t) that satisfy δq(a) = δq(b) = 0
and δq(t) ∈ Dq(t) for each t where a ≤ t ≤ b. This principle is supplemented by
the condition that the curve itself satisfies the constraints. Note that we take the
variation before imposing the constraints; that is, we do not impose the constraints
on the family of curves defining the variation. This is well known to be important to
obtain the correct mechanical equations. Taking variations after imposing the con-
straints results in variational nonholonomic, or vakonomic, mechanics. The latter is
appropriate for optimal control problems. See Bloch [2] and Bloch, Krishnaprasad,
Marsden, and Murray [3] for a discussion and references.

Assuming that the constraint distribution is specified by a set of n−m differential
forms Aj(q), j = 1, . . . , n − m, that is,

D = {q̇ ∈ TQ | 〈Aj(q), q̇〉 = 0, j = 1, . . . , s = n − m}, (2)

equation (1) implies

d

dt

∂L

∂q̇
−

∂L

∂q
=

s∑

j=1

λjA
j(q). (3)

Equations (3) are called the Euler–Lagrange equations with multipliers. Coupled
with (2), they give a complete description of the dynamics of the system.
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2.2 Discrete Mechanical Systems with Nonholonomic Con-
straints.

Let Q be a smooth manifold. According to [6], a discrete nonholonomic mechanical
system on Q is characterized by

(i) a discrete Lagrangian Ld : Q × Q → R;

(ii) an (n − s)-dimensional distribution D on TQ;

(iii) a discrete constraint manifold Dd ⊂ Q × Q which has the same dimension as
D and satisfies the condition (q, q) ∈ Dd for all q ∈ Q.

The dynamics is given by the following discrete Lagrange–d’Alembert principle
(see [6]):

N−1∑

k=0

(
D1Ld(qk, qk+1) + D2Ld(qk−1, qk)

)
δqk = 0, δqk ∈ Dqk , (qk, qk+1) ∈ Dd.

Here D1Ld and D2Ld denote the partial derivatives of the discrete Lagrangian with
respect to the first and the second inputs, respectively.

The discrete constraint manifold is usually specified by the discrete constraint
functions

Fj(qk, qk+1) = 0, j = 1, . . . , s. (4)

Let the distribution D be given by a set of one-forms Aj(q) as in (2). The dynamics
of a discrete nonholonomic system is represented by sequences {(qk, qk+1)} that
satisfy the discrete Euler–Lagrange equations with multipliers

D1Ld(qk, qk+1) + D2Ld(qk−1, qk) =

s∑

j=1

λk
j Aj(qk) (5)

coupled with equations (4). According to [6], the map (qk−1, qk) 7→ (qk, qk+1)
defined by equations (4) and (5) is a local diffeomorphism in a neighborhood of the
diagonal of Q × Q if the matrix





D1D2Ld(q, q
′) A1(q) · · · As(q)

D2F1(q, q
′) 0 · · · 0

...
...

...
D2Fs(q, q

′) 0 · · · 0





is invertible for each (q, q′) from this neighborhood.
One way to construct the discrete Lagrangian is to set Ld = L ◦ Ψ, where

Ψ : Q × Q → TQ is the discretization map. In this case the discrete constraint
manifold Dd has to be consistent with the distribution D, that is, Dd has to be
locally defined as Aj ◦ Ψ = 0, j = 1, . . . , s.1 If the configuration space is R

n, it is
natural to choose

Ψ(qk, qk+1) =

(
qk+1 + qk

2
,
qk+1 − qk

h

)
∈ TR

n, (6)

1More generally, the discrete constraints are consistent with the continuous ones if the tangent
vectors to the curves in Dd ⊂ Q × Q at the diagonal of Q × Q span the distribution D ⊂ TQ.
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where h ∈ R+ is the time step (see [10] and [6] for details). We emphasize that
the discretization map is not unique and hence there are many ways to define
the discrete Lagrangian Ld and the discrete constraint manifold Dd for a given
nonholonomic system (Q, L,D).2

3 The Chaplygin Sleigh
The Chaplygin sleigh is a rigid body with a blade attached, moving on a horizontal
plane. The blade allows no motion orthogonal to its direction. This mechanical
system was introduced and studied by Chaplygin [5]. The configuration space of
this system is SE(2), the group of Euclidean motions of the two-dimensional plane
R

2. We parameterize this group with coordinates (θ, x, y), where θ is the angular
orientation of the blade and (x, y) is the position of the contact point of the blade
and the plane.

The Lagrangian equals the kinetic energy of the body, which is a sum of the
kinetic energy of the center of mass and the kinetic energy of the rotational mode
of the body. We assume here that the center of mass is situated on the line through
the blade. Denote the moment of inertia of the body relative to its center of mass,
the mass of the body, and the distance from the center of mass to the contact point
of the blade and the plane by J , m, and a, respectively. The absolute position of
the center of mass is (x + a cos θ, y + a sin θ), and thus, the speed of the center of
mass is [

ẋ2 + ẏ2 + a2θ̇2 + 2aθ̇ (−ẋ sin θ + ẏ cos θ)
]1/2

.

The Lagrangian becomes

L =
1

2

[
(J + ma2)θ̇2 + m

(
ẋ2 + ẏ2 + 2aθ̇(−ẋ sin θ + ẏ cos θ)

)]
. (7)

The constraint is
−ẋ sin θ + ẏ cos θ = 0. (8)

The dynamics of the Chaplygin sleigh is governed by the Euler–Lagrange equations
(3) coupled with the constraint equation (8).

The dynamics of the balanced Chaplygin sleigh (a = 0) is drastically different
from the dynamics of the unbalanced sleigh (a > 0). For example, the trajectory
of the contact point of the balanced sleigh and the plane is generically a circle.
Looking ahead to Figure 3, the solid curve shows a typical trajectory of the contact
point in the unbalanced case. We remark that the shape of this curve is completely
determined by the value of the parameters J , m, and a (see [15]).

Many important properties of this dynamics can be obtained from the study of
the evolution of the nonholonomic momentum summarized in the three theorems
that follow.

The nonholonomic momentum for the Chaplygin sleigh has two components,

p1 = (J + ma2)θ̇ and p2 = m(ẋ cos θ + ẏ sin θ), (9)

which are the angular momentum of the body relative to the vertical axis through
the contact point and the projection of the linear momentum on the direction of

2An alternative approach to the discretization of nonholonomic systems based on a modification
of canonical transformations was proposed in [9].
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the blade, respectively (see [3] for the definition of the nonholonomic momentum).
The momentum dynamics is governed by the equations

ṗ1 = −
ap1p2

J + ma2 , ṗ2 =
map2

1
(J + ma2)2 (10)

(see [2] for the derivation of these equations).

Theorem 1. The momentum dynamics (10) preserves the constrained energy

1

2

(
p2

1
J + ma2 +

p2
2

m

)
. (11)

Theorem 2. The nonholonomic momentum is preserved if and only if the center
of mass of the body is located at the contact point, i.e., a = 0.

Theorem 3. In the general, unbalanced case, equations (10) have a one-dimensional
manifold of equilibria p1 = 0. The equilibria (0, p2) are stable, and asymptotically
stable with respect to p1, if p2 > 0, and are unstable if p2 < 0. Each pair of equilibria
(0, p2) and (0,−p2) is connected by a pair of heteroclinic trajectories.

Corollary 1. The momentum dynamics is volume-preserving if and only if a = 0.

This momentum dynamics is illustrated in Figure 1; the stable and unstable equi-
libria are represented by the filled and empty dots, respectively. The heteroclinic
trajectories are the level curves of the constrained energy (11).

p1

p2

Figure 1: Momentum dynamics of the unbalanced Chaplygin sleigh.

4 The Discrete Chaplygin Sleigh
In this Section we derive the equations of motion of the discrete Chaplygin sleigh
and analyze the dynamics governed by these equations.
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4.1 The Discrete Dynamics
Let ∆θk = θk+1−θk, ∆xk = xk+1−xk, and ∆yk = yk+1−yk. Since R

3 is a covering
space for the group SE(2) = R

3/Z, we use (6) to obtain the discrete Lagrangian

Ld =
1

2h2

[

(J + ma2)∆θ2
k + m

(

∆x2
k + ∆y2

k

+ 2a∆θk

(
− ∆xk sin

θk+1 + θk

2
+ ∆yk cos

θk+1 + θk

2

))]

(12)

and the discrete constraint

−∆xk sin
θk+1 + θk

2
+ ∆yk cos

θk+1 + θk

2
= 0. (13)

The factor 1/h2 in (12) does not affect the dynamics and is omitted in the rest of
the paper. An equivalent representation of (13) is

−(∆xk cos θk +∆yk sin θk) sin
∆θk

2
+(−∆xk sin θk +∆yk cos θk) cos

∆θk

2
= 0. (14)

The discrete Euler–Lagrange equations (5) associated with Lagrangian (12) and
constraint (8) are

(J + ma2)∆θk +
ma

2
∆θk

(
∆xk cos

θk+1 + θk

2
+ ∆yk sin

θk+1 + θk

2

)

= (J + ma2)∆θk−1 −
ma

2
∆θk−1

(
∆xk−1 cos

θk + θk−1

2
+ ∆yk−1 sin

θk + θk−1

2

)
,

(15)

m∆xk − ma∆θk sin
θk+1 + θk

2
= m∆xk−1 − ma∆θk−1 sin

θk + θk−1

2
− λk sin θk,

(16)

m∆yk + ma∆θk cos
θk+1 + θk

2
= m∆yk−1 + ma∆θk−1 cos

θk + θk−1

2
+ λk cos θk.

(17)

In order to obtain a closed system, these equations should be coupled with the
discrete constraint (13).

Eliminating the Lagrange multiplier λk from equations (16) and (17), one obtains

m(∆xk cos θk + ∆yk sin θk) − ma∆θk sin
∆θk

2

= m(∆xk−1 cos θk + ∆yk−1 sin θk) + ma∆θk−1 sin
∆θk−1

2
. (18)

The dynamics of the discrete Chaplygin sleigh is therefore governed by equations
(13), (15), and (18).
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4.2 The Discrete Momentum Dynamics
As in the continuous-time case, it is instructive to study the dynamics of the non-
holonomic momentum. Recall that the nonholonomic momentum for the Chaplygin
sleigh has two components—the angular momentum of the sleigh relative to the ver-
tical line through the contact point, and the projection of the linear momentum onto
the direction of the blade.

In this paper, the discrete momentum is defined as −D1Ld(qk, qk+1). Evaluat-
ing the derivatives of Ld and taking into account the constraint (13), the angular
component of the discrete momentum is

pk
1 = (J + ma2)∆θk +

ma

2
∆θk

(
∆xk cos

θk+1 + θk

2
+ ∆yk sin

θk+1 + θk

2

)
(19)

and the spatial linear components of the discrete momentum are

µk
x = ∆xk − ma∆θk sin

θk+1 + θk

2
, µk

y = m∆yk + ma∆θk cos
θk+1 + θk

2
.

One then computes the body component of the linear momentum along the blade,

pk
2 = µk

x cos θk + µk
y sin θk = m(∆xk cos θk + ∆yk sin θk) − ma∆θk sin

∆θk

2
. (20)

Similar to the continuous-time case, the discrete nonholonomic momentum for the
Chaplygin sleigh is defined to be pk = (pk

1 , pk
2).3

Lemma 1. Let the increments ∆xk and ∆yk satisfy the discrete constraint (13).
Then

∆xk−1 cos θk + ∆yk−1 sin θk = ∆xk−1 cos θk−1 + ∆yk−1 sin θk−1. (21)

Proof. Using (14), we obtain

∆xk−1 cos θk + ∆yk−1 sin θk

= (∆xk−1 cos θk−1 + ∆yk−1 sin θk−1) cos∆θk−1

+ (−∆xk−1 sin θk−1 + ∆yk−1 cos θk−1) sin ∆k−1

= (∆xk−1 cos θk−1 + ∆yk−1 sin θk−1)

(
cos∆θk−1 + sin ∆θk−1 tan

∆θk−1

2

)

= (∆xk−1 cos θk−1 + ∆yk−1 sin θk−1)

(
1 − 2 sin2 ∆θk−1

2
+ 2 sin2 ∆θk−1

2

)

= ∆xk−1 cos θk−1 + ∆yk−1 sin θk−1.

Theorem 4. The discrete momentum dynamics is governed by the equations
pk = P(pk−1), where the map P : p 7→ p′ is defined by

p′
1 = p1 − a

∆θ

cos(∆θ/2)
p2 − ma2∆θ2 tan

∆θ

2
, p′

2 = p2 + 2ma∆θ sin
∆θ

2
, (22)

3The components of the nonholonomic momentum (9) of the Chaplygin sleigh equal the limits
limh→0 pk

1/h and limh→0 pk
2/h, respectively.
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with ∆θ satisfying the equation

(J + ma2)∆θ +
a

2

∆θ

cos(∆θ/2)

(
p2 + ma∆θ sin

∆θ

2

)
− p1 = 0. (23)

Proof. Using Lemma 1, the discrete dynamics becomes equation (15) coupled with
the equation

m(∆xk cos θk + ∆yk sin θk) − ma∆θk sin
∆θk

2

= m(∆xk−1 cos θk−1 + ∆yk−1 sin θk−1) + ma∆θk−1 sin
∆θk−1

2
.

One then uses the definitions of pk
1 and pk

2 (see formulae (19) and (20)) to obtain
equations (22). Equation (23) follows from the formula

pk
1 = (J + ma2)∆θk +

ma

2

(
(∆xk cos θk + ∆yk sin θk) cos

∆θk

2

+ (−∆xk sin θk + ∆yk cos θk) sin
∆θk

2

)
,

the constraint equation (14), and the definition of pk
2 (formula (20)).

4.3 The Dynamics of the Balanced Discrete Chaplygin Sleigh
Recall that this case is distinguished by the condition a = 0. The properties of the
discrete dynamics of the balanced sleigh are summarized in the following theorem.

Theorem 5. The discrete dynamics preserves both the discrete nonholonomic mo-
mentum and the volume in the momentum plane. The contact point (xk, yk) moves
either along a circle or along a straight line at a constant rate.

Proof. If a = 0, equations (22) imply pk = pk−1, which explains the first statement
of the theorem. Using (19) and (20) and setting a = 0, the equations pk = pk−1 are
equivalent to

∆θk = const, ∆xk cos θk + ∆yk sin θk = const.

If ∆θk = 0, the angle θk remains the same, and therefore the contact point (xk, yk)
moves along a straight line. If ∆θk = ∆θ 6= 0, the magnitude of the incremental
displacement (∆xk, ∆yk) in the xy-plane equals ∆xk cos θk +∆yk sin θk. Therefore,
each iteration increases the angular direction of the incremental displacement by ∆θ
while preserving the magnitude, which results in the circular motion of the contact
point.

4.4 The Dynamics of the Unbalanced Discrete Chaplygin
Sleigh

Recall that the continuous-time dynamics of the unbalanced Chaplygin sleigh is
neither momentum nor measure preserving. As equations (22) indicate, the dis-
crete dynamics of the unbalanced Chaplygin sleigh does not conserve the body
momentum. Below we assume |∆θk| < 2π.
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Theorem 6. Map (22) has a one-dimensional manifold of equilibria {p1 = 0}.
The equilibria (0, p2) are stable, and asymptotically stable with respect to p1, if
0 < p2 < 2(J + ma2)/a, and are unstable if −2(J + ma2)/a < p2 < 0.

Proof. Since |∆θ| < 2π, a point (p1, p2) is an equilibrium of (22) if and only if
∆θk = 0. Equation (23) then implies that p1 = 0 while p2 is arbitrary.

Let F (p1, p2, ∆θ) be the left-hand side of (23). The derivative ∂F/∂∆θ is
computed to be

(J + ma2) + ap2
2 cos(∆θ/2) + ∆θ sin(∆θ/2)

4 cos2(∆θ/2)
+ ma2

(
∆θ tan

∆θ

2
+

∆θ2

cos2(∆θ/2)

)
.

When evaluated at ∆θ = 0, this derivative becomes J + ma2 + ap2/2. The latter
quantity is not equal to zero because |p2| < 2(J +ma2)/a. By the implicit function
theorem, the equation F (p1, p2, ∆θ) = 0 defines a function ∆θ = f(p1, p2) such that
f(0, p2) = 0.4 Using the implicit function theorem, one finds

∂∆θ

∂p1
(0, p2) =

2

2(J + ma2) + ap2
,

∂∆θ

∂p2
(0, p2) = 0. (24)

Next, we compute the linearization of P at (0, p2). Evaluating the partial deriva-
tives of formulae (22) and using (24), the linearization of P at (0, p2) is found to
be 

1 −
2ap2

2(J + ma2) + ap2
0

0 1



 .

The eigenvalues of this matrix are

λ1 = 1 −
2ap2

2(J + ma2) + ap2
and λ2 = 1.

The eigenvalue λ1 is positive and smaller than 1 if 0 < p2 < 2(J + ma2)/a, and
is greater than 1 if −2(J + ma2)/a < p2 < 0. Observe that the equilibria (0, p2)
of the map P fill out the center manifold {p1 = 0}. Therefore the equilibria
(0, p2), p2 > 0, are located at the intersections of the center manifold and a family
of stable manifolds of map (22). Similarly, the equilibria (0, p2), p2 < 0, are located
at the intersections of the center manifold and a family of unstable manifolds, which
explains the stability statement of the theorem.

Corollary 2. The momentum dynamics of the discrete Chaplygin sleigh is phase
volume preserving if and only if a = 0.

The numerical simulations of the discrete momentum dynamics and the trajec-
tory of the contact point in the unbalanced case are shown in Figures 2 and 3,
respectively. The discrete momentum dynamics near the origin of the momentum
plane clearly resembles the continuous momentum dynamics (see Figure 1). There
certainly is numerical evidence of the existence of discrete heteroclinic trajectories
connecting the pairs of unstable equilibria (0,−p2) and stable equilibria (0, p2),
p2 > 0. The dots in Figure 3 represent the generic discrete trajectory of the contact

4The equation F (p1, p2, ∆θ) = 0 has multiple solutions and therefore defines ∆θ as a multival-
ued function of (p1, p2). We choose the branch that passes through the origin in the coordinate
space (p1, p2, ∆θ) because in the continuous-time case θ̇ = 0 if and only if p1 = 0.
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p1

p2

Figure 2: The discrete momentum dynamics near the origin.

point in the xy-plane (the continuous-time trajectory is the solid curve). The dis-
crete dynamics captures the qualitative behavior of the Chaplygin sleigh’s dynamics.
In particular, the discrete trajectory has a cusp and asymptotically approaches the
straight line motions as k → ±∞.

Figure 3: The discrete and continuous trajectories of the contact point.

5 Conclusions
This paper introduces and studies the discrete model of the Chaplygin sleigh. The
discrete model is shown to mirror the dynamics of the continuous-time model. In
particular, the preservation of both the momentum and measure by the discrete
flow in the balanced case is observed. The general theory of discrete nonholonomic
systems with symmetry and discrete conservation laws will be discussed in future
publications.
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